1014 chapter 16: Integrals and Vector Fields
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The shell’s center of mass is the point (0, 0, 1/1n 2). &

Exercises 16-6

Surface Integrals of Scalar Functions
In Exercises 1-8, integrate the given function over the given surface.

1. Parabolic cylinder G(x, y, z) = x, over the parabolic cylinder

y=x,0=x=<20=<z=<3

2. Circular cylinder G(x,y,7) = z, over the cylindrical surface

Y+2=47=01=x=<4 '

3. Sphere G(x,y,z) = x% over the unit sphere x> + y> + 22 = 1
/"4, Hemisphere G(x,y, z) = 7%, over the hemisphere x? + y? +
L 2=dh2=0

5. Portion of plane F(x,y, z) = z, over the portion of the plane

x+y+z=4 that lies above the square 0 =x =1,
0 = y = 1, in the xy-plane

6. Cone F(x,y,z) =z—x, over the come z= Vx*+ 3%

0=z=1 ’

7. Parabolic dome H(x, y, z) = x*V/5 — 4z, over the parabolic
. domez=1-x-y,2=0

8. Spherical cap H(x,y,z) = yz, over the part of the sphere

© x% 4+ y% + 22 = 4 that lies above the cone z = Vx? + y*
9. Integrate G(x,y,2) = x + y + z over the surface of the cube cut

from the first octant by the planes x = a,y = a,z = a.

10. Integrate G(x, y, z) = y + z over the surface of the wedge in the
* first octant bounded by the coordinate planes and the planes
x=2andy+z=1

11. Integrate G(x,y,z) = xyz over the surface of the rectangular
solid cut from the first octant by the planes x = a,y = b, and
z=c

12. Integrate G(x,y,z) = ,\yz over the surface of the rectangular
solid bounded by the planes x = ta,y = tbh,andz = *ec

13. Integrate G(x,y,z) = x + y + z over the portion of the plane
2x + 2y + z = 2 that lies in the first octant.

14. Integrate G(x,y,z) = xVy* + 4 over the surface cut from the
parabolic cylinder y? + 4z = 16 by the planes x = 0, x = 1,
and z = 0.

15. Integrate G(x,y,7z) = z — x over the portion of the graph of
z = x + y? above the triangle in the xy-plane having vertices (0,
0,0), (1, 1, 0), and (0, 1, 0). (See accompanying figure.)

(0,0, 0)7

16. Integrate G(x, y, z) = x over the surface given by
z=x*+y for 0=sx=<1, -1=y=1

17. Integrate G(x,y,z) = xyz over the triangular surface with verti-
ces (1,0,0), (0,2,0),and (0, 1, 1).

18. Integrate G(x,y,z) = x — y — z over the portion of the plane
x + y = 1 in the first octant between z = 0 and z = 1 (see-the
accompanying figure on the next page).




gFind€11g Flux or Surface Integrals of Yector Fields
[n Exercises 19-28, use a parametrization to find the flux /f JFndo
across the surface in the specified direction.

19, Parabolic cylinder F = 7% + xj — 3zk outward (normal
away from the x-axis) through the surface cut from the parabolic
cylinder z = 4 — y2 by the planes x = 0,x = 1, and z = 0
20. Parabolic’ cylinder F = x%j — xzk outward (normal away
i from the yz-plane) through the surface cut from the parabolic cyl-
indery = x% —1 < x = 1, bytheplanes z = O and z = 2

Sphere F = zk across the portion of the sphere x* + y? +
2> = a® in the first octant in the direction away from the origin

u

n Sphere F = xi + yj + zk across the sphere x* + y? +
72 = a? in the direction away from the origin

23 Plane F = 2xyi + 2yzj + 2xzk upward across the portion of
£ the plane x +.y + z = 24 that lies above the square 0 = x = ¢,
.- 0=y = q, in the xy-plane

2. Cylinder F = xi + yj + zk outward through the portion of
. the cylinder x2 + y? = 1 cut by the planesz = Oand z = a

25 Cone F = xyi — zk outward (normal away from the z-axis)
_throughthecone z = Va2 + 2,0 < 7 < |

6. Cone ¥ = y% + xzj — k outward (normal away from the
z-axis) through the cone 7 = 2Va? + 2,0 < z < 2

27. Cone frustum F = —xi — yj + 72k outward (normal away
from the z-axis) through the portion of the cone z = Vx2 + y?
between the planes z = 1 and z = 2

the z-axis) through the surface cut from the bottom of the parabo-
loid z = x% + y? by the plane z = 1

b Exercises 29 and 30, find the surface integral of the field F over the

ortion of the given surface in the specified direction.

9. Fx,y,2) = ~i +.2j + 3k

S:rectangularsurface 7 =0, 0=<x=<2 0= y =3,
direction k

0. ¥(x, y,2) = yx%i — 2j + xzk

S:rectangular surface y = 0, —1=x=<2, 2=z= 7,
direction —j ’

Exercises 31-36, use Equation (7) to find the surface integral of the
cld F over the portion of the sphere x2 + ¥ + 22 = a? in the first
lant in the direction away from the origin.

- Fx, y,2) = 2k

- Fx, y,2) = —yi + xj

;-8. Paraboloid F = 4xi + 4yj + 2k outward (normal away from
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3B Fry2)=yi—xj+k
34. F(x,y,z) = zxi + zyj + 2%k
35. F(x,y,2) = xi + yj + zk

xi +yj + zk
Var+y? 4+ 2

37. Find the flux of the field F(x, v, z) = 2% + xj — 3zk outward
through the surface cut from the parabolic cylinder z = 4 — y?
by the planes x = 0,x = 1, and z = 0.

38. Find the flux of the field F(x, y, z) = 4xi + 4yj + 2k outward
(away from the z-axis) through the surface cut from the bottom of
the paraboloid z = x* + y? by the plane z = 1.

36. F(x,y,2) =

39. Let S be the portion of the cylinder y = ¢ in the first octant that
projects parallel to the x-axis onto the rectangle R,.l1=y=2
0 = z = 1 in the yz-plane (see the accompanying figure). Let n
be the unit vector normal to S that points away from the yz-plane.
Find the flux of the field F(x, y, z) = ~2i + 2yj + zk across S in
the direction of n.

40. Let § be the portion of the cylinder y = Inx in the first octant
whose projection parallel to the y-axis onto the xz-plane is the
rectangle R, 1 = x = ¢,(0 =< z =< 1. Let n be the unit vector
normal to S that points away from the xz-plane. Find the flux of
F = 2yj + zk through § in the direction of n.

41. Find the outward flux of the field F = 2xyi + 2yzj + 2azk
across the surface of the cube cut from the first octant by the
planes x = a,y = q,7 = a.

42. Find the outward flux of the field F = xzi + yzj + k across the

surface of the wupper cap cut from the solid sphere -

x% + y? + 22 = 25 by the plane 7z = 3.

Moments and Masses
43. Centroid Find the centroid of the portion of the sphere
x2 4 y2 + 72 = qa? that lies in the first octant.

44. Centroid Find the centroid of the surface cut from the cylinder
>+ 22 =9,z = 0, by the planes x = 0 and x = 3 (resembles
the surface in Example 6).

45. Thin shell of constant density Find the center of mass and the
moment of inertia about the z-axis of a thin shell of constant den-
sity & cut from the cone x? + y2 — 72 = 0 by the planes z = 1
and z = 2,

46. Conical surface of constant density Find the moment of iner-
tia about the z-axis of a thin shell of constant density § cut from
the cone 4x* + 4y* — 72 =0,z = 0, by the circular cylinder
1% + y? = 2x (see the accompanying figure).




16.7 Stokes' Theorem 1027

The second step is for curves that cross themselves, like the one in Figure 16.68b. The
idea is to break these into simple loops spanned by orientable surfaces, apply Stokes’
Theorem one loop at a time, and add the results. |

The following diagram summarizes the results for conservative fields defined on con-
nected, simply connected open regions. For such regions, the four statements are equiva-

Ient to each other. '

Theorem 2,
Section 16.3
F conservativeon D <> F=VfonD
Theorem 3, Vector identity (Eq. 8)
Section 16.3 (continuous second
partial derivatives)
},{ F-dr=0 < V X F = 0 throughout D
c — :
over any closed g heorem 7 :
path in D omain’s simple
connectivity and
Stokes” Theorem
ercises [ | 6.7 ,
lng Stokes’ Theorem to Find Line Integrals and let

ixercises 1-6, use the surface integral in Stokes’ Theorem to calcu-
: the circulation of the field F around the curve C in the indicated
:ction. -

F=x4 + 2%j + 2%k '

C: The ellipse 4x% + y? = 4 in the xy-plane, counterclockwise
when viewed from above

F=2yi+ 3xj — 2%k

C: The circle x> + y*> = 9 in the xy-plane, counterclockwise
when viewed from above

F =yi+ 2% + (32 + y*)¥2sin Vo1 k.

ﬂV X Frndo.
3

(Hint: One parametrization of the ellipse at the base of the shell is
x=3cost,y=2sint,0 =t = 27.)

Find the value of

8. Let n be the outer unit normal (normal aWay from the origin) of
F =i + xzj + x%k the parabolic shell
C: The boundary of the triangle cut from the plane x + y + z = 1 St 4+ y+ 2 =4, y =0,
by the first octant, counterclockwise when viewed from above and let
F=("+2)i+ %+ 2)j+ (2 +y)k .
C: The boundary of the triangle cut from the plane x + y + z = | F = (‘Z + 3 i )1 + (tan7ly)j + (x + T _1'_ )k,
by the first octant, counterclockwise when viewed from above x <
F=02+2i+G2+y)j+ (2 + )k Find the value of
C: The square bounded by the lines x = +1and y = %1 inthe // V X F+n do.
xy-plane, counterclockwise when viewed from above ¢
F =%+ + 2k 9. Let S be the cylinder x2 + y2 = 4%, 0 = z =< h, together with its
C: The intersection of the cylinder x* + y? = 4 and the hemisphere top, x* + y*> < g%,z = h. LetF = —yi + xj + x%k. Use Stokes’
x? + 32 + 722 = 16,z = 0, counterclockwise when viewed from Theorem to find the flux of V X F outward through S.
above 10. Evaluate

gral of the Curl Vector Field
Let n be the outer unit normal of the elliptical shell

S: 4a? + 9y? + 3622 = 36, z=0,

ﬂV X (yi)*n do,
5

where S is the hemisphere x> + y> + 2 = 1,z = 0.
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Suppose F = V X A, where
A= (y+ V)i + e”j + cos )k

Determine the flux of F outward through the hemisphere
24+ +22=1,2=0

Repeat Exercise 11 for the flux of F across the entire unit sphere.

zs’ Theorem for Parametrized Surfaces

cercises 13—18, use the surface integral in Stokes’ Theorem to
dlate the flux of the curl of the field F across the surface S in the
tion of the outward unit normal n.

F =2z + 3xj + 5k

S ¥(r, 0) = (rcosB)i + (rsinB)j + (4 — r2k,
I=r=2, 0=0=27
F=(y—z)i+(z—x)j+(x+g)k

S x(r,0) = (reos O + (rsin®)j + (9 — )k,
)sr=3 0=0=27

F = x%i + 2% + 3zk

S: x(r,0) = (rcos i + (rsin 0)j + 1k,

Y=r=<1, 0=0=2nm
F=@x—-i+@y—-—2i+—»k

S 1(r,0) = (rcos i + (rsinO)j + (5 — rk,

IJ=r=sS5 0=0=27

F=3yi+(5— 2+ 2k

S: r(¢,0) = (\/gsin qbcosﬂ)i + (\/’gsin ¢sin O)j +
(V3cosgplk, 0=¢p=m/2, 0=<6=2m
F=y4+2%+ 2k

$: 1(¢h, 8) = (2sin ¢pcos O)i + (2 sin ¢sin O)j + (2 cos Pk,
I=¢p=m/2, 0=0=27w

ry and Examples

Let C be the smooth curve r{®) = (2cos i + (2sinj +
(3 — 2 cos® Ak, oriented to be traversed counterclockwise around
he z-axis when viewed from above. Let S be the piecewise
smooth cylindrical surface x? + y? = 4, below the curve for
7 = 0, together with the base disk in the xy-plane. Note that C
lies on the cylinder S and above the xy-plane (see the accompany-
ing figure). Verify Equation (4) in Stokes’ Theorem for the vector
field F = yi — xj + x%k.

Verify Stokes’ Theorem for the vector field F = 2xyi + xj +
(y + 2)k and surface 7z = 4 — x> — y%,z = 0, oriented with
anit normal n pointing nupward.

21.

22.

23.

24,
25.

26.

27.

28.

Zero circulation Use Equation (8) and Stokes’ Theorem to
show that the circulations of the following fields around the
boundary of any smooth orientable surface in space are zero,

a. F = 2xi+ 2yj + 2zk b. F = V(xy%)
¢ F=V X @xi+yj+zk d. F=Vf

Zero circulation Let f(x,y,z) = (x* +y* + 22)71/2 gpoy
that the clockwise circulation of the field F = V{ around the
circle x2 + y? = a? in the xy-plane is zero

a, by takingr = (@acos )i + (asin9j, 0 =t = 2, and inte-
grating F « dr over the circle.

b. by applying Stokes’ Theorem.

Let C be a simple closed smooth curve in the plane
2x + 2y + z = 2, oriented as shown here. Show that

%Zydx + 3zdy — xdz

2x+2y+2z=2

depends only on the area of the region enclosed by C and not on
the position or shape of C.

Show thatif F = xi + yj + zKk, then V X F = 0.

Find a vector field with twice-differentiable components whose
curlis xi + yj + zk or prove that no such field exists.

Does Stokes” Theorem say anything special about circulation in a
field whose curl is zero? Give reasons for your answer.

Let R be a region in the xy-plane that is bounded by a piecewise
smooth simple closed curve C and suppose that the moments of
inertia of R about the x- and y-axes are known to be I, and I.

Evaluate the integral
jl{ V@*) nds,

C

where r = Va? + y?, in terms of I, and L.
Zero curl, yet the field is not conservative Show that the curl of

—y -
:2)2i+2x\'
x+y x*+y

%F-dr

C

5§ T2k

is zero but that

is not zero if C is the circle x> + y? = 1 in the xy-plane. (Theo-
rem 7 does not apply here because the domain of F is not simpl_)’
connected. The field F is not defined along the z-axis so there 13
no way to contract C to a point without leaving the domain of F.)




